Due to their higher concentrations and small internal velocities, Milky Way subhalos can be at least as important as the smooth halo in accounting for the GeV positron excess via dark matter annihilation. After showing how this can be achieved in various scenarios, including in Sommerfeld models, we demonstrate that, in this case, the diffuse inverse-Compton emission resulting from electrons and positrons produced in substructure leads to a nearly-isotropic signal close to the level of the isotropic GeV gamma-ray background seen by Fermi. Moreover, we show that HESS cosmicray electron measurements can be used to constrain multi-TeV internal bremsstrahlung gamma rays arising from annihilation to charged leptons. PACS numbers: 95.35.+d, 95.85.Ry, 98.70.Sa, 
I. INTRODUCTION
The possibility of using dark matter [1] to provide energetic positrons and electrons [2] [3] [4] [5] [6] to explain the GeV positron excess [7] seen by PAMELA [8] , the "ATIC bump" [9, 10] , and the less-anomalous e − + e + spectra measured by the Fermi Gamma-ray Space Telescope (hereafter, Fermi) [11] and HESS [12, 13] (in lieu of a nearby pulsar [14] [15] [16] ) has sparked considerable interest (e.g., [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ). Generating the required e ± flux through annihilations in the smooth component of the Milky Way's dark matter halo requires both a much larger annihilation cross section than might be expected for a thermal relic [29] and a large branching ratio to charged leptons. A variety of constraints (e.g., [30] [31] [32] [33] [34] [35] [36] ) already apply to a smooth halo explanation, and will likely tighten with new data from Fermi [37] .
We examine the observational consequences of annihilations occurring within the dark matter substructure of the Milky Way. Substructure differs from the smooth halo in its spatial distribution, which is less centrallyconcentrated [38, 39] , and in its characteristic velocity dispersions, which are colder. We focus on the case of enhanced annihilation to charged leptons in "Sommerfeld" models, in which the annihilation cross section increases with decreasing relative velocity, and consider scenarios with a velocity-independent cross section. Annihilations to charged particles necessarily produce internal bremsstrahlung (IB) gamma rays [40] [41] [42] [43] [44] . Highenergy electrons and positrons will also produce gamma rays through various energy-loss processes. Beyond a few tens of kiloparsecs from the Galactic Center, the dominant loss process for electrons is the inverse-Compton (IC) upscattering of CMB photons.
We calculate the expected high-latitude gamma-ray emission from IB and IC resulting from dark matter annihilation in substructure throughout the Milky Way. In particular, rather than considering only the serendipitous presence of a single, nearby, massive dark matter clump [45, 46] , we account for the collective emission from the entire subhalo population. Noting that electron-and gamma-ray-induced showers are difficult to distinguish in air Cherenkov telescopes, we discuss how constraints on TeV gamma-ray fluxes can be obtained from the cosmicray electron measurements made by HESS to limit annihilations to lepton pairs via their IB emission.
II. ANNIHILATION IN SUBSTRUCTURE
To describe their structural properties, we assume each individual dark matter subhalo to be described by a NFW density profile [47] ,
where r s is a scale radius and ρ s a characteristic density. The differential luminosity (photons or particles per energy per time) L of a subhalo, for an annihilation cross section (σv) 0 that is independent of velocity, is
where M is the subhalo mass, c = r vir /r s is the concentration, f (c) = ln(1 + c) − c/(1 + c), and the particle physics-dependence of the annihilation rate is isolated in
with m DM the dark matter particle mass and dN/dE the particle spectrum produced per annihilation. Numerical simulations find a relation between concentration and mass for subhalos that varies as a function of distance from the Galactic Center [38, 39] . This is a natural consequence of tidal stripping, which more effectively removes mass from the outer regions of the subhalos while leaving the core relatively unscathed. Thus, for a given subhalo mass, subhalos located nearer to the Galactic Center will be more luminous than those at large radii. We adopt the modified Bullock et al. [48] relation for low-mass halos, with radial dependence, from Ref. [49] c sub (M, r) = 18
where r field = 402 kpc is the radius where equal mass subhalos and field halos have the same concentration (see also [50] ). Using this relation with Eq. (2), we can approximate the differential luminosity of a subhalo of mass M at a radius r from the Galactic Center by
where we have defined
to describe the dependence of the annihilation rate on the structural properties of the subhalo. We note that the dependences on M and r are not formally separable, but are weak enough that Eq. (5) gives a reasonable approximation. The mass of Canes Venatici I [51] , assuming a NFW density profile and concentration c = 19.5, is used to normalize L 0 and M 0 . We assume a power-law mass function for the subhalos [38, 39] , dN/dM ∝ M −α with α = 1.9 and extrapolate this relation to a minimum subhalo mass M min = 10 integration over the subhalo population yields
which contains the dependence of the annihilation rate on the structural properties and mass function of the subhalos, and is independent of position in the Galaxy. We model the subhalo number density (i.e., number of subhalos per volume) at a radius r from the Galactic Center with an Einasto profile [52] n subs (r) ∝ exp − 2 α subs r r −2 α subs − 1 , (8) with α subs = 0.68 and r −2 = 199 kpc, as found by the Aquarius Project [39] . We assume a NFW profile for the smooth halo with r s = 20 kpc, r vir = 255 kpc, and M vir = 1.9 × 10 12 M ⊙ , and normalize the subhalo distribution such that a fraction f subs = 0.15 of M vir is bound in substructure. For comparison, we also consider a number density distribution as in Via Lactea II,
, with R s ≈ 20 kpc. The intensity (I) of gamma-ray emission resulting from annihilation in substructure at an angle ψ from the Galactic Center is
in which r ⊙ = 8.5 kpc and J (ψ) is given by the line-ofsight integral
where r = r(s, ψ). This is shown in Fig. 1 for the Aquarius and VL-II subhalo radial distributions, along with the analogous term for three possible smooth halo density profiles. Here, we have chosen L subs such that the annihilation rate per volume is matched to the smooth halo at r ⊙ . Both subhalo models produce a nearly-isotropic angular signal, much less strongly-peaked towards the Galactic Center than that of the smooth halo. In the following, we adopt the Aquarius distribution from Eq. (8).
III. SOMMERFELD ENHANCEMENT IN SUBSTRUCTURE AND THE SMOOTH HALO
A challenge in attributing the positron excess to dark matter annihilation is the need for a much larger annihilation cross section than expected for a thermal relic. One way to accomplish this is by introducing a scalar or vector boson that mediates an intermediate-range force between dark matter particles and can dramatically enhance the cross section for annihilation at low relative velocities (see Sommerfeld [53] for electromagnetic scattering). For dark matter, this can be through Standard Model gauge bosons (e.g., [19, 54] ) or a new mediator particle (φ) [17, 18] .
We examine the possibility that annihilations in substructure, rather than in the smooth halo, are the dominant contributor to the measured local lepton flux and the astrophysical consequences that result. In this Section, we first show how this can arise for Sommerfeld models, then proceed to properties valid in general. The Sommerfeld enhancement can be expressed by the factor S(v) = (σv)/(σv) 0 , where v is the relative velocity of the dark matter particles and (σv) 0 is the cross section in the absence of the additional force. These models can be parametrized by the coupling of the dark matter to the mediator (α S ) and the ratio of the dark matter and mediator masses, m DM /m φ . For small velocities [17] ,
The enhancement saturates at the velocity v min at which the de Broglie wavelength of the dark matter particles becomes comparable to the range of the force, i.e.
The maximum enhancement is
Resonances corresponding to bound states can result in significantly larger enhancements in such models, when m DM /m φ ≃ 2n 2 /α S , for integer n [19] . We account for this by solving the nonrelativistic Schrödinger equation as in [17, 19, 55] . For simplicity, we consider α S = 10 −2 , and note that this choice qualitatively demonstrates the features of these models.
We also consider a more general parametrization of 1/v models without resonant behavior, as in [56] :
where v ⊙ and S ⊙ are the relative velocity of smooth halo particles and enhancement factor at r ⊙ . Without allowing for resonant behavior, large values of m DM /m φ are required to produce large enhancements.
In the smooth halo, the local annihilation rate per volume, Γ smooth , depends on the dark matter density and velocity dispersion at the solar circle. We normalize the 1-D velocity dispersion to the local rotation curve [57] ,
As subhalos are dynamically colder than the smooth halo, their smaller internal velocity dispersions can lead to preferential enhancement of the annihilation rate. We adopt a simple relation between subhalo mass and velocity dispersion,
sub (see also [58] ), and assign an enhancement factor S[v(M sub )] to each subhalo of a given mass by approximating the relative velocity of the particles throughout the subhalo by σ v ∼ v. (The r dependence of c sub in Eq. (4) leads to a mild variation that we neglect here.) We normalize the σ v (M sub ) relation using again the mass and velocity dispersion of Canes Venatici I [51] . For Sommerfeld models, Eq. (6) becomes
The value of L subs is then determined by Eq. (7) using L(M ) as defined in Eq. (15) . The local annihilation rate per unit volume from subhalos is
The large local number density of subhalos (n subs (r ⊙ ) ∼ 2×10 8 kpc −3 ) allows us to neglect the discreteness of subhalos as sources and use the annihilation rate averaged over the subhalo population via L subs . Fig. 2 compares the local annihilation rates in the smooth halo and in substructure for a Sommerfeld model with α S = 10 −2 . For a significant region of the m DM /m φ parameter space, particularly near resonances, the subhalo rate vastly exceeds the smooth halo rate (top panel, solid line). In Fig. 3 , the local smooth halo and substructure annihilation rates for a model without resonant behavior are compared. The two contributions are comparable at v min ∼ 10 km/s, with subhalos dominating at lower v min .
At high subhalo masses ( > ∼ 10 7 M ⊙ ) this approach breaks down due to the low number density of these subhalos, so that the presence of a nearby clump would have to be accounted for (although having such within 1 kpc is unlikely [38] ). Including subhalos of all masses in the calculation of the local flux results in an overestimate of L subs of not more than 25% relative to assuming a maximum mass of 10 7 M ⊙ without accounting for a Sommerfeld enhancement, and smaller in models with lower v min , a minor effect that we neglect. This can be understood from Eq. (7): in absence of a Sommerfeld enhancement, the total luminosity roughly scales
min , so that each decade of mass contributes nearly equally. (This has a much weaker dependence on the choice of lower cutoff than the L tot ∝ M −0.226 min of Ref. [59] .) The choices we have made in defining our substructure model are conservative: using a steeper mass function (e.g., α = 2), a smaller minimum subhalo mass M min (e.g., [62] [63] [64] ) a larger mass fraction in substructure f sub , a higher normalization of the c(M ) relation (as in Aquarius), or considering substructures-withinsubstructure [38, 49, 59 ] would all increase the subhalo annihilation rate relative to the smooth halo. The dependence of the ratio of the local annihilation rates in substructure and the smooth halo Γ subs /Γ smooth on α, f sub , and M min is explored in Table I , assuming a velocityindependent cross section (i.e., no Sommerfeld enhancement). For α = 1.9 (2.0) the mass function is normalized so that 15% (50%) (e.g., [49] ) of the host halo mass is in subhalos of 10 −6 to 10 10 M ⊙ . The range of Γ subs /Γ smooth in Table I indicates that even in the absence of an enhancement arising primarily from Sommerfeld effects substructure can contribute significantly to the local annihilation rate, and hence no more than a modest enhancement in the substructure rate is typically required for this component to be locally dominant (see also [60, 61] ). Current CMB constraints [65, 66] restrict the saturation cross section in Sommerfeld models to within a factor of a few of the value required in order to explain the PAMELA and Fermi data by annihilation in the smooth halo, consequently only models in which the subhalo contribution is no more than a factor of a few smaller than that of the smooth halo without Sommerfeld enhancement could produce sufficient cosmic-ray fluxes without exceeding the allowed saturation cross section. Clearly, this condition can be satisfied for plausible subhalo parameters, which is valid even for dark matter models with other means of obtaining an enhanced annihilation cross section. We proceed assuming that annihilation to charged leptons in substructure dominates over the smooth halo and accounts for 100% of the anomalous fluxes. This condition is sufficient for the following purposes, which can be rescaled linearly with the local annihilation rate in substructure as desired.
IV. INTERNAL BREMSSTRAHLUNG
For pure leptonic final states, the only gamma-ray emission directly resulting from annihilations in substructure is internal bremsstrahlung (IB), e.g., χχ → ℓ + ℓ − γ. We consider a few representative annihilation channels: direct annihilation into 2 µ and 2 τ , and annihilation to 4 τ through a new particle φ (χχ → φφ and each φ → 2τ ), with cross sections required to explain the combined PAMELA/Fermi data [67, 68] . We calculate the IB spectra for the two lepton cases as in Ref. [41] ,
where x = 1 − E/m DM and α em ≃ 1/137. For m DM ≫ m µ, τ , E, this has the behavior dN IB /dE ∝ E −1 [40] . We similarly calculate the four lepton case, as detailed in Ref. [69] . For the 2 µ channel, we omit the gamma-ray contribution from muon decay, µ → e ν e ν µ γ, which is negligible for the scenario considered here.
The IB gamma-ray intensity from annihilation in substructure at ψ = 180
• (the minimum of the dark matter signal) is shown in Fig. 4 for the above cases, along with gamma rays resulting directly from pionic tau decays in the 2 τ scenario (using DarkSUSY [70] ). Considering a smooth halo model would result in signals smaller by a factor of ∼ 2 − 3 for all profiles at large angles. Although we do not otherwise consider them, models based on decays in the smooth halo (e.g., [71] [72] [73] [74] ) would give signals comparable to those shown in Fig. 4 .
Directly measuring such a diffuse gamma-ray flux at TeV energies is presently challenging, in part due to the effective area of Fermi saturating with energy [37] . While ground-based air Cherenkov telescopes do not have this problem, the electromagnetic showers that they observe are quite similar for TeV electrons and gamma rays, making them difficult to separate. Based on observations of fields far from the Galactic plane, HESS has recently reported measurements of the e − + e + spectrum into the TeV regime [12, 13] . In principle, a nearly-isotropic ∼ TeV gamma-ray flux from dark matter annihilation could result in an apparent feature in this spectrum. As noted in Refs. [12, 13] , there should be little contribution from extragalactic TeV gamma rays.
In Fig. 4 , we show the HESS e − + e + spectrum, which can be regarded as a conservative upper limit on isotropic TeV gamma rays. The maximum gamma-ray fraction of this measurement is likely < ∼ 10% (although systematic uncertainties could result in as much as ∼ 50%) [12] . It is likely that a dedicated analysis that accounts for the fields of view observed by HESS and determines a limit on the photon fraction in a given energy interval can strengthen these constraints. Improved understanding of the underlying astrophysical electron spectrum would also allow for tighter constraints from high-latitude emission, while avoiding uncertainties associated with TeV Galactic Center emission, which is highly profiledependent [75] and would not apply here if substructure is depleted near the center of the Galaxy.
V. INVERSE-COMPTON GAMMA RAYS
Absent a means of containing them, high-energy electrons resulting from annihilations will escape subhalos without difficulty. Far from the Galactic disk, the most important loss channel is inverse-Compton scattering on the CMB (we neglect the cosmic IR background, which has energy density a few percent that of the CMB [76] ), since the magnetic fields there should be small [77, 78] and result in negligible synchrotron losses. To calculate the gamma-ray flux, we must first find the equilibrium e − + e + spectrum. We start from the diffusion-loss equa-tion for a spectrum of relativistic electrons, n e (E) [79, 80] 
where the diffusion coefficient, D, is assumed to be isotropic, Q(E) is the source term, and b(E) = b 0 E 2 is the radiative loss term, with b 0 ≃ 0.3 × 10
for the CMB (in the Thomson limit). For dark matter, equilibrium can be assumed. In an isotropic system, there is no dependence upon D, since particle losses are compensated for by gains. At ∼ 1 TeV, the electron cooling time is ∼ 10 6 yr, so that even if electrons propagate rectilinearly, they would only travel a distance of order the virial radius of the Milky Way. This is likely an overestimate, since their propagation should be affected by the halo magnetic field, although its structure and strength is uncertain. Considering the length scales relevant for electrons injected by annihilation in substructure, we make the simplifying assumption that this halo magnetic field results in the IC losses occurring near the injection point (more care is needed for smooth halo signals due to the steeper gradient in particle injection with radius [81, 82] ). This reduces the problem to a continuity equation [83] 
which can be readily solved for a given injection spectrum. While IB signals may vary greatly between annihilation channels, essentially all models that remain viable post-Fermi lead to nearly identical equilibrium electron spectra (up to uncertainties in the astrophysical spectrum and propagation models) [67, 68] . With generality, we consider dark matter with m DM = 2.35 TeV annihilating into two µ ± pairs (as in [68] ). The calculation proceeds similarly to [84] as
where Γ ⊙ is the local annihilation rate per volume (matched to that required to agree with PAMELA/Fermi) and the resultant IC gamma-ray spectrum per annihilation, dN IC /dE, is calculated using the methods of Ref. [83] . In the inner Galaxy, synchrotron and IC losses on optical/IR photon backgrounds would result in a broad range of secondary photons [85] . We thus consider the signal resulting from annihilations occurring beyond 20 kpc from the Galactic Center, where IC on the CMB can be safely assumed to be the dominant energy-loss mechanism (based on modeling of the Galactic optical/IR photon field [86] ). Using J (180 • ) for r > 20 kpc yields the solid line in Fig. 4 , which can be seen from the bottom panel of Fig. 1 to be nearly isotropic. Naively including radii interior to 20 kpc would result in the dotted line.
For the scenario considered here, the IC spectrum happens to peak at a similar energy to the pionic spectrum from cosmic-ray interactions [87] . We note that this IC signal retains less angular information concerning substructure [88] [89] [90] than direct gamma rays (such as IB). In comparing to isotropic gamma-ray data [91] [92] [93] , we have made no attempt to account for other astrophysical contributions (see, e.g., [94, 95] for blazars).
The velocity-dependence of the annihilation cross section in Sommerfeld models makes calculating the cosmic signal in this scenario more complicated than in the standard picture [96] . This requires moving beyond the assumption of a constant boost (as in [97, 98] ) due to a dependence of the velocity dispersion and hence the cross section on halo mass. Also, the effects of baryons on dark halos vary with mass, since low-mass halos likely were never able to retain gas to form stars, and even in halos containing dwarf galaxies dark matter governs dynamics in the inner regions [99] . Although a detailed treatment of these matters is beyond our scope, a simple estimate based on the total annihilation rate within the Milky Way halo (and scaling the amount of mass within substructure with host halo mass) suggests that this could be a factor of a few larger than the IC flux from substructure in the Milky Way halo only (as in Fig. 4 ) with a similar spectral shape. We note that the scenarios assumed in Refs. [97, 98] are fundamentally different than considered here, since gamma-ray measurements of the inner Galaxy can strongly constrain annihilations in the smooth halo for the density profiles considered and a velocity dependence in the enhancement was not taken into account in those studies.
VI. CONCLUSIONS
If one takes the position that astrophysical resolutions of the positron excess are untenable, then to have a viable dark matter scenario requires invoking a relatively-large annihilation cross section. One possibility for achieving this goal is a velocity-dependent cross section due to the presence of a new medium-range force resulting in a Sommerfeld enhancement. In this study, we have examined the observational consequences of annihilation to charged particles in the context of a halo populated with dark matter substructure.
In determining the dark matter annihilation signatures of Galactic substructure, it must be kept in mind that the microphysics (annihilation) occurs within kinematically distinct subhalos so that their macroscopic distribution sets many aspects of the problem. We have demonstrated that for a range of models, Sommerfeld-based or otherwise, annihilations in substructure, rather than in the smooth halo, are the dominant source of the locallymeasured lepton flux. These substructure-dominated models imply associated IB and IC gamma-ray emission at high latitudes at a level accessible to (and possibly already in tension with) current observations. We have also argued that HESS TeV electron measurements can be regarded as limits on the isotropic TeV gamma rays arising from IB. Importantly, these new prospective signals can be tested with upcoming gamma-ray observations by Fermi and air Cherenkov telescopes.
